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Abstract. We describe infinitesimal deformations of constant mean curvature sur- 
faces of finite type in the 3-sphere. We use Baker-Akhiezer functions to describe 
such deformations, as well as polynomial Killing fields and the corresponding spec- 
tral curve to distinguish between isospectral and non-isospectral deformations. 



Introduction 

The theory of constant mean curvature (cmc) surfaces, and more generally that of har- 
monic maps has developed greatly over the past decades. One reason for this may be 
that there are two main approaches possible towards the subject which cross fertilize each 
other: geometric PDE methods and integrable system techniques. In the late 1990's the 
integrable system approach culminated in a very general (local) description of such har- 
monic maps in terms of loop Lie algebra valued 1-forms by Dorfmeister, Pedit and Wu. 
In particular, in the case of CMC tori, Pinkall and Sterling [9], and independently Hitchin 
[5j showed that a solution to the structure equation (the sinh-Gordon equation) can be 
represented by a hyperelliptic Riemann surface, the so called spectral curve. The solution 
in this case is said to be of finite type. 

Pinkall and Sterling [9] construct infinitesimal deformations of CMC tori in R 3 . We 
carry over their constructions to CMC tori in § 3 . Such tori in S 3 have non-isospectral 
deformations changing the mean curvature in contrast to CMC tori in R 3 . For this 
reason we consider also deformations that change the mean curvature. The corresponding 
normal variation then obeys an inhomogenuos Jacobi equation. 

We briefly outline the contents of the paper: In the first section we recall some facts 
about CMC surfaces in S 3 and introduce our notation. In particular, we recall the notion 
of extended frame and spectral curve for CMC surfaces of finite type. In the second section 
we construct Jacobi fields and parametric Jacobi fields for CMC tori in § 3 . In the third 
section we construct homogenous Jacobi fields in terms of the Baker-Akhiezer function of 
the sinh-Gordon equation. Finally we show that the Fermi curve of the Jacobi operator 
is isomorphic to the spectral curve of the sinh-Gordon equation. In the last section we 
extend the deformation to a deformation of the corresponding polynomial Killing field, 
and exhibit both isospectral, and non-isospectral deformations in terms of polynomial 
Killing fields. 
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1. CONFORMAL CMC IMMERSIONS INTO § 3 

1.1. Extended frames. We identify the 3-sphere S 3 C R 4 with § 3 = ( SU(2) x SU(2) ) / D, 
where D is the diagonal in SU(2) x SU(2). The Lie algebra of the matrix Lie group SU(2) 
issu(2), equipped with the commutator [•, •]. For a, j3 G SI 1 (TM 2 , su(2)) smooth 1-forms 
on R 2 = TR 2 with values in su(2), we define the su(2)-valued 2-form 

[a A 0](X, Y) = [a(X), (i{Y)] - [a(Y), (3(X)], 

for X, Y e TR 2 . Let L g : h i-> gh be left multiplication in SU(2). Then by left 
translation, the tangent bundle is TSU(2) = SU(2) xsu(2) and 6 : TSU(2) -> su(2), v g i-> 
(dL g -i)gVg is the (left) Maurer-Cartan form. It satisfies the Maurer-Cartan equation 

2 dO + [6 A 9] = 0. (1.1) 

For a map F : R 2 — > SU(2), the pullback a = F*9 also satisfies (|l.ip . and conversely, 
every solution a e il 1 (R 2 ,su(2)) of (jl.ip integrates to a smooth map F : R 2 — » SU(2) 
with a = F*6. 

Complexifying the tangent bundle TM. 2 and decomposing into (1,0) and (0,1) tangent 
spaces, and writing d = d + 3, we may split w € Q 1 (M, su(2)) into the (1,0) part u', 
the (0, 1) part u>" and write w = uo' + u" . We set the *-operator on f] 1 (M, sl(2, C)) to 
= —ico'+iw". Fix e e su(2) and let T = stab(e) be the stabilizer of e under the adjoint 
action of SU(2) on su(2). We shall view the 2-sphere S 2 as the quotient § 2 S SU(2)/T. 

We denote by (• , •) the bilinear extension of the Ad-invariant inner product of 5u(2) to 
su(2) c = s[(2,C) such that (e, e) = 1. The double cover of the isometry group SO(4) is 
SU(2) x SU(2) via the action X «• FIG -1 . Writing df = df + df" for the differential 
of /, recall that an immersion / : R 2 — » SU(2) is conformal if and only if 

(df, df) = 0. (1.2) 

If / : R 2 — > S 3 is a conformal immersion and u> = f~ x df, then it can be shown (see e.g 
10J) that the mean curvature function H of / is given by 

2d*w = H[wAu]. (1.3) 

Suppose / : R 2 — * SU(2) is a conformal immersion with non-zero constant mean curvature 
H. Then 2d*tu = H [u Aco] and 2<ko + [wAu] =0 combined give d * u> + H~ 1 d* uj = 0, 
or alternatively 

(1 - iH-^duj 1 + (1 + iH-^duj" = 0. (1.4) 
Inserting 2dcu" — —2du>' — [wAw] respectively 2du>' = —2doj" — [uj Aui] into (| 1 .4|) gives 
4dw' = (iH - l)[wAu] and 4dw" = -(l+iH)[wAw]. Then 

a A = |(l-A- 1 )(l+ii7)w'+ |(1- A)(l-iff)w" 

satisfies 2c?«a + [ «a A «a ] =0 for all A £ C* , and thus there exists a corresponding 
extended frame F x : R 2 x S 1 -> SU(2) with dF A = Fa "a and F A (0) = 1. Conversely, we 
recall the following version of a result by Bobenko [2] . Our formulas are slightly different 
to those of Bobenko [TJ[21[3], ^ ne modifications in the proof are obvious. 

Theorem 1.1. Let u : R 2 — > R be a smooth function and define 

1 / u z dz — ugdz i A _1 e" dz + i e~ u dz\ , . 

ftA _ 2 \ i e~ u dz + i A e u dz -u z dz + u z dz J ^ ' ' 
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Then 2 da\ + [a\ A a\] = if and only if u is a solution of the sinh- Gordon equation 

ddu + i sinh(2u) = 0. (1.6) 

Furthermore, for any solution u of the sinh- Gordon equation and corresponding extended 
frame F x : M 2 x S 1 -> SU(2), and A , A x G S 1 , A ^ Xi, the map f : R 2 -> SU(2) de/med 

f = ft 1 F£ (1-7) 
zs a conformal immersion with constant mean curvature 

H = i£±±, (1.8) 



conformal factor 



and Hopf differential Q dz 2 with 



» 2 = WT-v (L9) 



Q = jfAf'-AJ 1 ). (1.10) 

Corollary 1.2. Useful formulae obtained from equations (jl.8[) . (II. 9[) and (| 1 . 10[) are 

v 2 =4e 2tl QQ, 4QQ(iJ 2 + l) = 1. (1.11) 

T/ie constant mean curvature surface f in § 3 corresponding to a solution u of the sinh- 
Gordon equation satisfies the following equations with respect to the moving frame (/, df, df, N) : 

dN = -Hdf + 2ir 2 Qdf 

ddf = 2u z df ~QN (1.12) 
2ddf = -v 2 f + v 2 HN 

1.2. Spectral curve. Let / : K 2 — > SU(2) be a conformal CMC immersion with corre- 
sponding extended frame F\. For a translation r : M 2 — + M. 2 we write r* / = / o r, and 
define the monodromy of i<\ with respect to r as 

M(t, A)=t*F a F a - x . 

Now suppose we have a conformal CMC immersion of a torus / : M 2 /r — > SU(2), with 
lattice 

r = wi z ® w 2 z , 

and corresponding extended frame F\. If Mi (A), Ma (A) are the monodromies of Fx with 
respect to u>\ and wa, and /xi, \xi the corresponding eigenvalues, then the spectral curve 
of the torus is 

£/ - {(A, /ii, it 2 ) : det(/iil-Mi(A)) = det(/i 2 1 - M 2 (A)) =0}. 
We recall the description of CMC tori in terms of spectral curves: 

Let Y be a hyperelliptic Riemann surface with branch points over A = (y + ) and A = 
oo (y~). Then Y is the spectral curve of an immersed CMC torus in the three sphere if 
and only if the following four conditions hold: 
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(i) Besides the hyperelliptic involution a, the surface Y has two further anti- 
holomorphic involutions r\ and g — rjocr = aor], such that rj has no fixed 
points and r](y + ) = y~. 

(ii) There exist two non-zero holomorphic functions /ii,/i 2 on7\ {y + , y~} such 
that for i = 1, 2 

(iii) The forms d In /x^ are meromorphic differentials of the second kind with double 
poles at y^. The singular parts at y + respectively y~ of these two differentials 
are linearly independent. 

(iv) There are four fix points y\, y2 = cr(yi), y 3 , y 4 — <r(y 3 ) of g, such that the 
functions \i\ and fi 2 are either 1 or —1 there. 

We shall describe spectral curves of CMC tori in § 3 via hyperelliptic surfaces of the form 

2 J Aa(A) if g is even, 
[ a(A) if g is odd. 

Here A : Y — > CP 1 is chosen so that y ± correspond to A = respectively A = oo, and 

a* A = A, r) *\ = \- 1 , g*X = A -1 , 

and 

9 

a(\)=J[(\-a i )(\- 1 -a i ) 

with pair-wise different branch points ot\, . . . , a g £ {A £ C : |A| < 1}. Hence i]*a = a 
and g*a = a. For |A| = 1 we have that a(A) > 0, and since 77 has no fix points, we have 

J rj*D — — A~V, = A -1 !/, (7*1/ = — v if 5 is even, 

[ r\*v = —v, g*v = v, a*v = —v if g is odd. 

Up to now, the parameter A is only determined up to a rotation. Pick Ao, Ai e S 1 , Ai ^ 1, 
and take the unique parameter A for which the points y\ and y 2 = <?(yi) correspond to 
the the two points over A = A . Then the points j/3 and j/4 = cr(y 3 ) correspond to the 
two points over A = Ai. 

2. Jacobi fields 

An infinitesimal deformation of a CMC surface / by CMC surfaces is given by a normal 
vector field f — ujN, where the function u : M. 2 — > K has to be a solution of a Jacobi 
equation. For such a deformation in Euclidean 3-space, it turns out that u> and the 
infinitesimal change of the conformal factor solve the same homogeneous Jacobi equation. 
We shall see that this is not the case for CMC surfaces in the 3-sphere. The reason for 
this is that the mean curvature changes throughout a deformation in a non-trivial way, 
introducing an inhomogeneity in the Jacobi equation for w. 

Assume we are given a smooth one-parameter family f t : M 2 — > SU(2), t € (— e, e) of CMC 
surfaces of finite type, with appropriate solutions Ut of the sinh-Gordon equation, mean 
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curvatures Ht, and Hopf differentials Qtdz 2 , and normals Nt. Denoting differentiation 
with respect to t by a dot, and omitting the subscript t when t = 0, we then have 

/ = Tdf + adf + uN (2.1) 

with smooth functions t, a : C — > C such that f = a, and a smooth funtion uj : C — > R. 

The following is the analogue of Proposition 2.1 in Pinkall and Sterling [9]. 

Proposition 2.1. Every Jacobi field uj N along f can be supplemented by a tangential 
component r 8 f + a 8 f to yield a parametric Jacobi field. Further, if (12. ip is a parametric 
Jacobi field, then uj solves the inhomogeneous Jacobi equation 

5du + cosh(2u)u= (2.2) 

while u solves the homogeneous Jacobi equation 

88u + cosh(2u) u = 0. (2.3) 



Proof. Straightforward computations using (| 1 . 1 2[) give 

2ujQ 

2 , ■ v- ■ ■ ■ v-- ■ —jr>-- • v 2 



df = — / + [dr + 2rdu - loH) df + {da + —£■) Bf + (— H - tQ + du) N , 



Bf = -— f+(Br+ H^) a/ + (9(7 + 2a9w - wfH 5/ + (— H — crQ + Buj) N . 
2 v z 2 

Conformality (Bf, Bf) = (Bf, Bf) = implies that (df, Bf) = (Bf, Bf) = 0, and 
consequently for r, a to supplement ujN to a parametric Jacobi field they must satisfy 



Ba = —2 v 2 wQ, 
Bt = -2v~ 2 ujQ. 

Hence the above expressions for Bf and Bf simplify to 

2 2 

df = -^-f + (dr + 2tBu - luH) Bf + H - tQ + Blu) N , 

2 2 

Bf = -^-f + (Ba + 2(7 Bu - ujH) Bf + H-aQ + Bu)N. 

Differentiating w 2 = 2(9/, 9/) gives 

tw = (9/, 9/) + (9/, 9/) = \v 2 (Bt + 2tBu + Ba + 2aBu - 2ujH), 



(2.4) 



(2.5) 



and combining this with the derivative of equation (jTT9J) yields 

1 1 - H H 

u = -Bt + tBu + -Ba + aBu — ujH + —p. . (2.6) 

2 2 H A + 1 

From (|1.12[) we have 2 (BBf, N) = v 2 H, and differentiating this gives on the one hand 

(33 f, N) + (BBf, N) = vvH + ^H. 
Differentiating 2 99/ = — v 2 f + v 2 H N gives 

2 99/ = -2vv f -v 2 f + 2 vvH N + v 2 H N + v 2 H N . 
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Hence 2(ddf, N) = —v 2 uj + 2vvH + v 2 H , and consequently 

2 (ddf, N) = v 2 uj. 

On the other hand, differentiating the first equation of (|2.5[) with respect to z, and then 
computing (ddf, N) gives 

(ddf, N) =\{dT + 2t3u - luH) v 2 H - Q(da + 2wv~ 2 Q) 
+ \v 2 Hda + avdvH -5tQ + dduj, 

and equating this with the first expression we obtained for 2 (ddf, N), we obtain (|2.2p . 

Equation (|2.3p is now proven by a direct calculation using equations (|2.6|) , ()2.2|1 and the 
time derivative of the second equation in 

It remains to prove that the differential equations defining a, r are integrable. From 

(N, f)=-(N,f) = -u, 

(N, df) = -(N, df) =tQ- a^H - duj , 

(N, df) = -(N, df) =aQ- t^H - 3u , 

we compute 

N = -oj f + v- 2 (2aQ - tv 2 H - 2du) df + v~ 2 {2tQ - av 2 H - 2du) df . (2.7) 

Differentiating Q = -(3 2 f, N) we have Q = -(d 2 f, N) - (3 2 f, N), and with $F7§ learn 
that 

(d 2 f, N) = (2tQ - av 2 H - 2du) du. 

Differentiating the first equation of (12. 5| with respect to z and taking inner product 
against N gives 

(3 2 f, N) = ujQH - 2Q3t - 2Qt3u + \v 2 Hda + avHdv + d 2 uj, 
and therefore Q = 2Q3t + 23u3uj — d 2 oj. Solving this equation for 3t gives 

2Q y ' 

Finally, a straightforward computation proves that integrability for r holds automatically, 
that is differentiating Bt in (|2.4[) with respect to z gives the same as differentiating 3t 
in (|2.8p with respect to z. Also, the analogous statement then holds for a, that is 
differentiating 

Ba J + d^-2dud. 
2Q 

with respect to z gives the same as differentiating da in (|2.4j) with respect to z. Hence 
the functions r, a that supplement the Jacobi field are unique up to addition of complex 
constants. We compute r, a explicitly in terms of Baker- Akhiezer functions in (|3.3[) . O 

The following is the analogue of Proposition 2.2 in Pinkall and Sterling [9]. We call a 
parametric Jacobi field a Killing field, if it is induced by an infinitesimal isometry of § 3 . 

Proposition 2.2. A parametric Jacobi field is a Killing field if and only if u = 0. 
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Proof. The 'only if part is trivial. A parametric Jacobi field (|2.ip is a Killing field, if 
and only if there exists elements go, g\ <G su(2), such that 

/ = .9i/ - fgo = F Xl (F^ gi F Xl - F^g F Xo ) F£. (2.10) 

Setting B = F x ^g F Xo , B\ = F Xi 1 g 1 F Xl , then equation (|2.10[) reads 

F^fF Xo =B 1 -B = r (a' Xi - a' J + a « - <) 

The derivatives together with equations (|2.5[) yield 

K^Mo = Bl ("A, - «Ao) ~ K ~ «A ) So 

= -ifiw 2 l + (<9t + 2r<9u - wif) (a' Xi - a' Xo ) + {\av 2 H - tQ + du) e , 
F^8fF Xo = By (al - a'ij - (a' Ai - a A J B 

= -ifiw 2 l + {da + 2adu~ujH) (a Xl - a"J + (\tv 2 H - oQ + du) e . 

These equations can be solved and we obtain 

- v~ 2 {itQ + \av 2 (\ - iH) - iduo) « - a'^) , 

B 1 = ±(dT + 2Tdu + Lu{i- H)) e + v~ 2 {iaQ + \tv 2 {\ - iH) - idu) (a' Xi - a' Xo ) 

- v- 2 {itQ - \av 2 {\ + iH) - iduj) (a'^ - a'Q . 

Consequently, setting gj = F Xj BjF x for j — 0, 1, we get 

fg = ^r (dr + 2rdu - uj(i + H)) N + V - 2 (iaQ- \tv 2 {\ + iH) - iduo) df 

- v- 2 {irQ + \o-v 2 {\ - iH) - idu) df , 

gif = ± {dr + 2Tdu + uj{i - H)) N + v~ 2 (iaQ + \tv 2 {\ - iH) - idco)df 

- v- 2 {irQ - \ov 2 (\ + iH) - idu) df. 

It remains to prove that it — implies that dgi — dg2 = 0, or equivalently that both 
d{fgo) = dff~ 1 fgo and d(gif) — giff~ x df hold. To this end it is useful to recall the 
identities 

dff- 1 df = Q, Bff- 1 df = Q, 
dfr l df = -\v 2 {f + iN) , dff^df = -\v 2 {f - iN) , 
Nf- X df = -dfr x N =idf, - Nf^Bf = dff-'N = idf . 



The rest of the proof is now a straightforward computation. 



□ 
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3. The homogeneous Jacobi fields 

We next calculate a solution of the homogeneous Jacobi equation (|2.2p . Let u 
be a solution of the sinh-Gordon equation. Let tp = (-01, ^2)* be a solution of 

8 f^A = 1 ( du %e ~ u \ 

\1p2J 2 ^tA- 1 e M -du) \4> 2 

a f^A - - (~ Bu lXeU \ 

' 1 ih) 2 Ue-" du ) U 2 



(3.1) 



Then tp — (tpi, ip2f defined by 



solves 



vi\ = ( A fin 
p 2 l-i U 2 



d\ 


( If! 








( (fix 







(3.2) 



_1 / du iA- x e tt \ ftrf 
2 \ie~ u -du J \cp 2y 

_1 (-du ie~ u \ fipi 
2 \i\e u du ) \<p 2y 

For every value of A € C* there exists a two dimensional space of such functions tp and ip. 
Assume u is periodic with period 7. Then we assume in addition to (|3.ip and (|3.2p that 
these functions are eigenvalues of the translations by the period 7. Hence we get for any 
pair (A, fi), such that fx =/= ±1 is an eigenvalue of the monodromy of tp, a one dimensional 
space space of such functions tp. A normalization of this function extends to a unique 
function tp on the spectral curve called Baker-Akhiezer function. Since the monodromy 
of tp has determinant one, there always exist another solution a*tp with inverse eigenvalue 
of the monodromy. We shall assume that the translations by the periods acts on ip with 
inverse eigenvalues as on tp. This of course can be only achieved with tp obtained from 
another solution a*tp of (|3.ip . So we may assume that both ipipi and 1P2P2 have trivial 
multipliers with respect to 7. 

Proposition 3.1. Let tp — (tpi, tp^f be a solution of (|3.ip and let p — (ipi, P2Y be a 
solution of (|3.2p . Define uj — tpipi — V>2</?2 o,nd <p — dto — 2Qt. Then 

(i) The function y = tp ip satisfies dy = 0. 

(ii) The function uj is in the kernel of the Jacobi operator, and can be supplemented to a 
parametric Jacobi field with corresponding ( up to complex constants ) 

itp 2 ipi itpW2 



e u Q ' e u Q ^ 

(iii) For the parametric Jacobi field generated by uj, r and a, the variation of the confor- 
mal factor is 



A(Ao-Ai) 

(iv) Then {dujf - <p 2 = A" 1 (y 2 - lo 2 ) . 

(v) Further, dip = Idudui, and A _1 oj = 2(pdu — d 2 uj 



( A -^ A - Al ^. (3.4) 
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Proof, (i) is a straightforward computation using (13. ip and (|3.2| . To prove (ii), wc 
compute 

dduj — —lu cosh(2w) , (3.5) 

8 (ie~ u ip2 l Pi + i\~ 1 e u tpi(p2) = cj sinh(2it) . 

Hence u> is in the kernel of the Jacobi operator. From the 9-derivative (|2.4jl of r and 

3(-2Qt + duj) = -2Q5t + 3duj = Lj e~ 2u - u cosh(2u) 

= -w sinh(2u) = -8 (ie~ u i(;2<fi + i\~ 1 e u ipi(p 2 ) , 

we see that up to a complex constant — 2Qt + du> = ie~ u ijj2tpi + i\^ 1 e u ip\^2, and 
consequently obtain the formula for r. A similar computation yields the formula for a. 
To prove (iii) we compute 

| <9r + r du . = - ^ lj , \8a + adu = -^=uj. 

From (|2.6p we have u — ^dr + rdu + ^da + adu — luH. A straightforward computation 
using (|1.8p and (|1.10[) now proves 



(3.6) 



From equations (|3.ip and (|3.2p and (|3.3p we obtain 

= duj - 2Q r = -Q r + A _1 e 2u Q a. 
Consequently tct is equal to 

TO = ^Q {du3 " 0) 2^ ^ + 0) = ^ ( (9CJ)2 " ^) 
On the other hand equations (|3.3p yield 



and equating these proves (iv). To prove (v), we compute dej) — d 2 u — 2Qdr — d 2 u> — 
d 2 Lu + 2dudu = 2duduo, and (-A _1 )w = 2QdT + AQrdu = d 2 uj~d(j)+2duj du~2<j) du = 
d 2 aj-2(f>du. □ 

3.1. Involutions. In the sequel we shall consider solutions u of (|1.6p corresponding to a 
spectral curve with involutions ct, r] and g and not necessarily normalized Baker- Akhiezer 
function ip. The maps ip = (ipi, 1P2Y as in (|3.ip and <p — (<^i, tp^Y as in (|3.2p transform 
as follows under the involutions of the spectral curve: 



^2) " v- 1 °y w ' wv- 1 oy 77 vw 

¥>i\ / i\ „ A/>i 



" v-i 0/ e U 2 
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If u is periodic with respect to at least one period 7, then the eigenvalues of the corre- 
sponding monodromy define the spectral curve with these involutions a, r\ and g. In this 
case the solutions ip of (|3.ip and if of (|3.2p diagonalize the translations by the periods 
with inverse eigenvalues /j, and Hence up to normalization ip is the Baker- Akhiezer 
function. 

Proposition 3.2. Letu be a solution of (|1.6j) of finite type andip — (ip\, 1P2) respectively 
if = (tpi, ip2) be the corresponding solutions of (|3.ip and (|3.2p . We define 

P = t£. (3.7) 



ip* ip 



Then 



du = — resA- 
2 



du 



resA 



(W/*t,((j _° 

AdA" 1/2 tr 



P 



1 



P 



(3.8) 



Proof. Define ipi, ^2 and y>i, </? 2 by the gauge 



v ^2 
</?2 



e- u / 2 ) \ip 2 

A V2 e -«/2 







e"/ 2 / V<^2 



Then ipi, ip2 and £>i, (^2 are solutions of 



1 



2<9u 



^A- 1 /2^ 



d 



y2 



29u iA"V2\ 



£1 



1 







2 V«A 1 / 2 e- 2u 

._! / 

2 UA 1 / 2 e 2u 



lA^e 2 " 






(3.9) 



it 1 



2u 



Hence the asymptotic expansions at A = are 
exp 



ipi 

>2, 



(^-" 2 )(0)- a,/2 (-l) + °w 



exp 



(-f A" 1 / 2 



0(A) 



Then 



P = 



■0* 



1 A 1 

2 



and consequently 
P = 



AV2 e -«/2 

e"/ 2 

1 / 1 A!/2 e 

2 U" 1/2 e u 1 



P 



A -l/2 e «/2 







-u/2 



-ou 



(3.10) 



0(A), 
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which implies the first equation in (13. 8]) . Analogous computations at A = oo prove the 
second equation in (13. 8|) . □ 



Recall the iteration in Pinkall-Sterling [9] that generates a sequence of solutions to the 
homogeneous Jacobi equation: Starting with the 'trivial' solution u>± = 8u, then ip\ — 
(du) 2 and thus with the slightly different normalization in our setting we obtain t\ — 
dull — (fx, which yields a second solution 

uj 2 = d 3 u - 2{duf 

of the homogeneous Jacobi equation. This iterative procedure at each step requires for 
a given uj n to find t„ solving both 

8r n = d 2 ui n — 2dui n du , 

Br n = -4QQv- 2 uj n = -e~ 2u uj n , 

and then defining w n +i = dr n + 2r n du. To solve these equations for r n , it is useful to 
introduce the auxiliary functions <j> n such that 

T n = du) n - (f> n . (3-11) 

Then <f> n satisfies 

d(f> n = 2du n du , 
d<t>n = —^n sinh(2w) . 

To supplement u> n and r n at each step to a parametric Jacobi field requires finding a 
function a n satisfying 

d<7 n = -4QQv~ 2 uj n , 
Ba n = B 2 uj n — 2dui n du . 

In analogy to Lemma 3.2 in Pinkall and Sterling [9], we obtain the formula 

(Tn = -e" 2 " + <t>n-l) ■ (3.12) 

We shall now see, that all these solutions fit together in the Taylor expansions of the 
functions w, r, (f> at A = 0: 

Let 

OO OO 



n=0 n=0 



Proposition 3.3. Let y = V'V- L/ien the entries of 



P = _ 
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have at A = the asymptotic expansions 

~2» 



v n— 1 

1 oo 

3-"^! = -= £r„(-A) n , 

V 71 — 

OO 

v n— 1 



(3.13) 



22/ 2y 2y 



v n— 



Proof. Due to l|3.6p the coefficients of the series in f|3 . 13[) obey the equations (|3.1ip and 
(|3.12p . Hence it suffices to show that these Taylor coefficients obey the recursion formula 
9, Proposition 3.1]. The first and last equations in (|3.13[) read uj = 2yi\~ 1 / 2 Q and 
tfi — 2yi\~ 1 / 2 <&. From Proposition [33] (iv) we have (du>) 2 — (j) 2 = A -1 (y 2 — w 2 ) and thus 
$ 2 — (dfl) 2 = j + A _1 2 , or in terms of series 

\n=0 / \n=l / \n=l / 

Due to (|3.10[) we conclude 4>q = — |. Consequently, for all n g No the coefficient 4>n+i is 
equal to the coefficient of (— A) n+1 of the scries 

(oo \ 2 / oo \ 2 / oo \ 2 

J2(-l) n <t>nX n ) - £(-l)"^ n A™ -A- 1 £(-l)» Ww A» . 
n=l / \n=l / \n=l / 

□ 

The involution g allows us to compute the asymptotic expansions at A = oo from the the 
asymptotic expansions at A = 0. Note that f — a and thus Q*(^) — — and f?*(^) = ^- 
We summarize the asymptotic expansions at A = oo in the following 

Corollary 3.4. At A = oo we have the asymptotic expansions 



iQt 

y 

iQa 

y 



A i/2 ^ ( _ 1)n _ A -„ 5 

71=1 
OO 

A 1/2 ^(-l)"^TA-" ; (3.14) 

n=l 
oo 

a 1/2 J2(~v n ^ x ~ n - 



?i=0 



Utilizing the fact that 
we obtain the following 



-=tr((5_° 1 )i , ) 1 (3-15) 

y 
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Corollary 3.5. We have the asymptotic expansions 

tr (( o -°i ) P) = 2^A- 1 / 2 (-A Ou + X 2 (d 3 u - 2{8uf) + 0(A 3 )) at A = , 

tr (( o -l ) P ) = -2«A 1/2 (-A" 1 ^ + \- 2 (B 3 u - 2{Buf) + 0(A- 3 )) at A = oo . 

The poles of P are at the branch points of the spectral curve. Clearly the function 
y — ipt-ip is antisymmetric with respect to the hyperelliptic involution, and has zeroes at 
the branch points a%, . . . , ai g . For doubly periodic solutions u of (II. 6|) the differentials 
dln/i^, k = 1, 2 can be locally written as 

dln/x fc = (3 k {y)dy , 

and if 71 and 72 denote the periods, there exist two differentials dp^ which are holomor- 
phic at A = 00 respectively A = and 

dliifi k — 7^ dp + + 7^ dp" . (3.16) 

If r is the lattice generated by 71 and 72, T = C/r, and / : T — > C, then we denote 

</> = — ^7 [ fdS. 
area(T) J T 

For a period 7 let A 7 denote the period defect, which is the difference between the 
identity operator and the translation by 7. 

Proposition 3.6. The differentials dp^ have the following asymptotic expansions 

dp+ = dX 1/2 (-i A" 1 - i((du)' 2 ) + 0(A)) at A = , 

dp- = dX 1/2 (!<cosh(2<it)) + 0(A)) at A = , 

dp+ = dX- 1 ' 2 (|(cosh(2it)) + 0(A" 1 ) at X = 00 , 

dp" = dA~ 1/2 (-|A - i((du) 2 ) + 0(A" 1 ) at A = 00 . 

Proof. Let -0 = ^2) as in (|3. 9|) and define if: by ip = exp(p + z + p~z) ip. Since /z/. is 
the automorphy factor of with respect to 7^, then A 7fc ^> = 0, and we expand 

i>(z, A) = Q (J] a„(z)A"/ 2 ) + f ^ 6„(z)A"/ 2 ) with a = 1, &o = , 

P+(A)=5>+A n / 2 , ^(A) = ^p-A"/ 2 *Ddp± 1 = ±,pZ 1 = 0. 

The differential equations for ip and comparison of like coefficients yields 

da n = b n du - pfa n -i - ... - p+a , 

i b n+ i = a„du - p^b n -i - ... - p^-xh - db n , 

Ba n = -p^a n -i - . . . — p~a + |(a n -i cosh(2u) - 6 n _x sinh(2u)) , 

Bb n = -P1K-1 - P3K-3 - ••• - Pn-ih + |(a n _i sinh(2u) - cosh(2-u)) . 

In particular, 61 = —idu. Further da,\ = —i{du) 2 ~ p^, so integration yields p\ = 
—i((du) 2 ). Thus dai = —i(du) 2 — i{(du) 2 ) which gives 

ddai — idus'mh(2u) = <9| cosh(2u) 
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and therefore da\ = —p± + | cosh(2u) and consequently p^ = (| cosh(2it)). This proves 
the asymptotic expansions at A = 0. The asymptotic expansions at A = oo follow from 
the fact that 

g*dln/i = — dln/i, 



and therefore g*dp^ 



-dp and g*dp 



-dpi 



□ 



We now compute the variation of the Baker- Akhiezer function ip that corresponds to the 
solution u = {tpifi — 4'2 i P2)\\ =a of the homogeneous Jacobi equation at some fixed value 
\ = aeC*. 

Proposition 3.7. Let u be a solution of the sinh-Gordon equation (|1.6[) . Let ^ — 

{ipi<Pj)\ a and u = £n — £22 be given in terms of solutions ip — (ipi, ip^Y of (|3.ip and ip = 
(ipi, (f2) t of (|3.2p for a fixed value A = a G C*. Then the variation of the corresponding 
solution ip of (13. ip is given by 



A — a 



(A + aKn 2A£i2 
2a £21 (A + a) £22 



(3.17) 



Proof. By (|3.ip we have that 



V02 

'V|l 
V02 

Consequently, 



1 

2 



cM = ie "^21 — * a 1 e"^i2 







—du / 


) C2 






u ) \ 





<9« 



— lue 
—du 



—du 

-iue~'' 



iii\e u 
Oil 



du = iae u ^2i — is u £i 



Let X = ( ™ ^ ) be the matrix such that ip' = Xip. Then 



25 











[( 






" fa (i 




A7 « 



9u 



29 



We compute the commutators 

a 0\ f du 
7 . 

a /3\ /— <9u iAe" 

Thus equations (|3.19p read 

a 
7 (5 



V -du 
-du iXe 



du 



-me 
—du 



—du 



iuXe 1 
du 



(3.18) 



(3.19) 



/ /3iX~ 1 e u - jie- u (a - 5)ie' u - 2(3du 



\2^du + (8 — a)iX 



-\ u 



jte 



[3iX 



-\ e u 



f3ie~ u - ^iXe u _ {a- 5)iXe u + 2[3du 
(6 - a)ie~ u - 2^du jiXe u - (3i e - u 



2d 

2d 



'a 0> 
v7 Sj 



(7 + i2i)ie- u - (a-^12 + PX- x )ie u (62 - fu - a + tye"" + 2/35m 
(61 ~ 62 + a - <5)iA^ 1 e" - 2jdu (a-^ 12 + pX" 1 ^ - (&i + 7)*e~ u 

(62 - P)ie~ u + ( 7 A - a^ 21 )ie u (£11 - 62 - a + 5)iAe" - 2[3du\ 
(a - 5 + 62 - £ii)*e-" + 2 7 <9u (0 - £12)^-" + (a&i - 7A)ie u J ' 
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We make the Ansatz a — A£u, [3 = £?£i2, 7 = C £21 and S — A £22, and use the fact 
that 

2 dfa = &iie~ u - cT^ie" , 2 ^11 = -Zx2ie~ u + afcite" , 
2 ^12 = 2 62 a« + (62 - £n)*e- u , 2 «9£i2 = -2 £ 12 du + a(&2 - tn)ie u , 
2 96i = "2 61 du + a" 1 (Cn - &u)ie u , 2 ^21 = 2 61 ^ + (61 - 62)^"" , 
2 96 2 - -61^-" + a- 1 62«e" , 2 ^22 = ^ie-* - a -%xie u . 

Comparison of coefficients of e~ u , e" reduce to the three equations 

A-C = l, BX- 1 = a - 1 (A-l) andB = A + l. 

Solving these yields the claim and concludes the proof. □ 

The Fermi curve contains a lot of information of the spectral theory of the Jacobi oper- 
ator. In particular, it should be possible to determine the Maslov index in terms of the 
spectral curve of the solution of the sinh-Gordon equation. 

Lemma 3.8. Let u be a doubly periodic solution of the sinh-Gordon equation, and let 
ip = (ipi, 1P2) be a solution of (|3.1|) . Then ipiip2 is the Baker- Akhiezer function of the 
Fermi curve of the Jacobi operator. 

Proof. A straightforward computation shows that if if) = (ipi, -02 )' solves (|3.1[) . then 
i/>iip2 is i n the kernel of the Jacobi operator. With respect to the two periods 71, 72 of u 
we have i\)(z + 7^) = (ij ip(z), and thus for j = 1, 2 we have 

(M2)(z + J j )=fx 2 j (^2)(z). (3.20) 

Hence the spectral curve is a finite covering of the Fermi curve of the Jacobi operator. 
By Theorem 17.9 in [7], the kernel of the Jacobi operator is generically one dimensional, 
and therefore the spectral curve is a simple covering of the Fermi curve. □ 

Let us finally indicate, how we may construct inhomogenous Jacobi fields. Denote the 
real quantity 

H _ Q 
2(i? 2 + l) 2HQ' 

Let uj = uj + + u~ where oj + = Sj (zdu — ^) and oj~ = (zdu — |). A straightforward 
computation shows that u> is also solution of the inhomogeneous Jacobi equation (|2.2[) . 
The corresponding f = r + + t~ and a = a + + er~ that supplement w to a parametric 
Jacobi field are given by a + = t~ and cr~ = t+, where 

T+ 
T~ 



dui + Sj z (du) 
SjHz 



2Q 

*-ze^ 
4Q 



- — / 2(du) 2 dw - cosh(2u) 



dw . 
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The period defects of these functions are given by 

A 7 (\dr+ + T+Ou) = ±1- (8 3 u - 2{du) 3 ) - ±— / 2{du) 2 dw - cosh(2u) dw , 



4Q v v ' > 4Q 

A 7 [\dT~ +T-du) ^fiH^du, A 7 (\da + + a+du) =f)Hjdu, 

A 7 (i^o-- + <j-8u) = -Li (<9 3 u - 2{5u) 3 ) + -W- / 2{5u) 2 dw - cosh(2u) . 



4Q v ' 4Q 

We may add to these inhomogenous Jacobi fields homogenous Jacobi fields with the same 
period defects and obtain periodic inhomogenous Jacobi fields. 



4. Polynomial Killing fields 



Let v = (oo)> an d denote Laurent polynomials C x — * fi[(2,C) with a simple pole at 
A = and normalized leading coefficients, by 

A 9 = {£ :C X ^ S [(2,C) | £ (A)= £ Cj X\X^(l/X) = -£(A) and c_i = v} . 

j'=-i 

The condition A s—1 £(l/A) = — £(A) is a reality condition which ensures that the shifted 
polynomial A~' £ takes values in su(2) on S 1 , where 

/ _ / 1(5 + 1) if g is odd, 
1 1(5- 1) if 9 is even. 
We denote these skew-hermitian loops by 

A s 5u(2) = {A-% I £oe A s } . 

By the Symes method [TT], the extended framing F : R 2 x C x — * SU(2) of any harmonic 
map R 2 — > § 2 of finite type (see Burstall and Pedit 011]) is given by the unitary factor 
of the Iwasawa decomposition of 

exp(z£ ) = FB (4.1) 

for some £ A 9 . The loop £0 € A g is called a potential of the corresponding harmonic 
map in the generalized Weierstrass representation of Dorfmeister, Pedit and Wu [BJ. By 
a result of Pinkall and Sterling [9] , and independently Hitchin [8] , all Gauss maps of CMC 
tori are of finite type, so equivalently one may solve first solve the sinh-Gordon equation 
to obtain some function u : R 2 — > K and then solve dF = Fa with F(0) = 1 with a 
as in (|1.5|) to obtain an extended framing. Recall that a polynomial Killing field in this 
case is a map £ : ]R 2 — > A g su(2) which solves 

^(0) = A- ; Co (4.2) 
with £0 € A 9 . The solution to (|4.2j) via the Iwasawa decomposition (14. ip is then £ = 

Proposition 4.1. Let £ be a polynomial Killing field and tpo the eigenvector and ipo the 
transposed eigenvector of £ (0) : 

€(0)ip = vip, <P*f(0) = *V wi/i ^ 2 = -det(£(0)) = det(£). 
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Then the eigenvector ip and transposed eigenvector tp 1 of £ are the solutions of 
dip = —aip with ip(0) = ipo ; dip = tp a with tp (0) = tp . 

Proof. The unique solutions are given by tp 1 = tp F and ip — F^ 1 ipo, and are eigenvectors 
of the polynomial Killing field. □ 



Conversely, assume we are given a as in ()1.5|) with some periodic finite gap solution of 
the sinh-Gordon equation. Then ip, ip are the corresponding Baker- Akhiezer functions 
if 

dip 1 = ip a and tp t Mp = v ip , 
dip = —a ip and Mpip = v ip , 

where Mp is the monodromy of the extended framing with respect to the period. Note 
that ip and ip extend meromorphically into points where Mf is not semi-simple. Fur- 
thermore, there exists a unique polynomial Killing field £ such that 

ip*£ — vip 1 and £ ip — pL ip . (4.4) 

We call £ a Killing field for ip and tp. If ip l (0) — tp\ and ip(0) = ipl, then Q — iptp* 
solves dQ = [Q, a] with Q(0) = ipo (p f . Note that Q has rank < 1 everywhere. At the 
zeroes of det£ (the branch points of the spectral curve), we shall describe the dynamics 
of the spectral curve under the isoperiodic deformations in terms of the Baker- Akhiezer 
functions ip, ip 1 . 

Let ii be a solution of the sinh-Gordon equation, and ip — {ip\, 1P2) and tp = [tp\, ip-if 
be solutions of (|3.ip and (|3.2p respectively. Let £y = (ipitpj)\ and u = £ix — £22- Recall 
from Proposition 13 . 71 that 

1 /(A + a)£ u 2A£ 12 



A- a V 2a 6i (A + a)£ 2 2/ 

Let y be an arbitrary point on the spectral curve, a = X(y) and Q = ip{y)tp{y) t . Then 
an easy computation shows that the previous equation (14. 5|) can be rewritten as 



Tp = T L -a(( X 0°a)Q + Q(ol))^- (4-6) 

Lemma 4.2. The transformation ip is an infinitesimal isospectral transformation, that 
is, u = (ip\ip\ — ip2<p2)\ a is isospectral. All isospectral transformations are obtained by 
taking linear combinations of such transformations at all branch points a. The isospectral 
transformations are a g-dimensional space, where g is the arithmetic genus of the spectral 
curve. 

Proof. Let £ be a polynomial Killing field for ip and tp, and a G C* any branch point of 
the spectral curve. Then £(a) Q = vQ = Q£(a). 

Since Q, and the matrices (JJ) and (q a) commute with £ at A = a, the commutator 

[((o2)G + Q(8°))><] has a zero at A = a. 

From (|4.6|) and ^ip + ^ip = iyip + h , ijj = v'ip, we conclude that 

e = sM((a2)c+e(8S)).e] 
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is a tangent vector in the complexified space of Killing fields at the point £ with v = 0. 

Now we claim that all such transformations are linear combinations of such transforma- 
tions at all branch points of the spectral curve. The meromorphic map P — has 
poles only at the branch points. For g = 0, the space of Killing fields is zero dimensional, 
and there are no infinitesimal isospectral transformations. For g > 1 there exists for each 
point a meromorphic differential uj with a first order pole at that point, and first order 
zeroes at A = and A = oo. The sum over all residues of to P vanishes, and consequently, 
the value of P at such a point is a linear combination of the values of P at the branch 
points. This proves the claim. 

Finally we remark, that for all holomorphic one-forms w, the sum over all residues of loP 
vanishes. Therefore all non-trivial holomorhic one-forms yield a non-trivial relation on the 
corresponding infinitesimal transformations. Therefore the space of these transformations 
span a ^-dimensional space of isospectral transformations. □ 

In the next lemma we exhibit the generators for which u = d(ipiip2)\ a is non-isospectral. 

Lemma 4.3. Let u be a solution of the sinh-Gordon equation, and if) — (ipi, V'a)* an d 
ip = (ipi, ip-zf be solutions of (|3.ip and (|3.2p respectively. Let 

Q = iO/^V)| A=a (4.7) 

be the derivative with respect to a local parameter y at some branch point A = a G S s . 
Then 

^=xh(( X o a )Q + Q(o°x))^ (4-8) 

is an infinitesimal non-isospectral transformation that only moves the branch point a while 
keeping all the other branch points fixed. The space of all these deformations generates 
the space of all non-isospectral transformations. 

Proof. Since the branch points are zeroes of dX, the derivative of A with respect to y 
vanishes. Hence we may apply Proposition 13.71 in this situation. Since the square of the 
eigenvalue v of £ is equal to A -1 times a polynomial with respect to A, whose roots are 
the branch points in C*, we have to show that 2vv vanishes at all branch points in C* 
with the exception of A = a. Hence z> has to be proportional to det(£)/(i/(A — a)). From 
(|4.6|) and £,ip + = i> i]j + v i]j = v ip and det(£)£ _1 = —xi, we conclude that 

KU2)«+0(8S)).€] 

has to be proportional to £ at A = a. If we differentiate the equations 

at the branch points, we obtain that the commutator [Q, £] is at A = a proportional to 
f. This implies the claim. □ 

With the help of the inhomogenous Jacobi fields described at the end of the last section, 
one may construct non-isospectral deformations of CMC tori in § 3 . 
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